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FORMULAS FOR REFERENCE

. . . B A-B
sin(4 + B) = sin Acos B+ cos Asin B sin4 +sin B =2sin cos—5
cos(A4 % B) =cos Acos BFsin Asin B sinA—sinB=2005A+BsinA;B

+ j—
tan(AiB)=M cosA+cosB=2cosA+BcosA L
1¥tan 4tan B
2sin Acos B =sin( A+ B) +sin(4 -~ B) cosA—-cosB=-2sin A+B sinA_B

2cos Acos B = cos(A4 + B)+cos(4—B)

2sin Asin B = cos(4 — B) —cos(A + B)
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Answers written in the margins will not be marked.

SECTION A (50 marks)

n+l1

1. Let (1+mx)(1+5x)" =Zakxk , where m is a constant and » is a positive integer. If a; = 27
k=0
and a; =285, find m and ». (4 marks)

Answers written in the margins will not be marked.
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2.

Let f(x)=i , where 0<x<Z .
tanx 2

(a) Provethat f (% + h) —f (—

4 1+tanh

(b) Find f'(%) from first principles.

n)_ 2h—2htanh—rtanh

(5 marks)

Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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kox

x*+9

3. (a)  Find the constant £ such that %ln(\/x4 +9 —xzj =

(b)  Atany point (x,y) onthe curve 7/, the slope of the tangent to /7~ is

-X _
. It is given

x"+9

that 7 passes through the point (2,5) . Does I pass through the point (-2, 5) ? Explain your

answer,

(6 marks)

Answers written in the margins will not be marked.
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-1 2

k1 2 k-3
4. Let C =( J and D=( ) , where k is areal number. Find % suchthat CD=DC.

k+3 -4

(3 marks)

Answers written in the margins will not be marked.
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n
S. (@  Using mathematical induction, prove that Z(* l)k k2(k2 ~1)
k=1
positive integers » .

60
(b)  Using (a), evaluate Z(——l)k Kk -1 .
k=10

_ D" (n-Du(n+1)(n+2) for all

2

(6 marks)
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6. Let — <x<— .
2
(a)  Find a pair of constants /# and % such that

(b)  Solve the equation

secx+tanx secx—tanx
+ =hsecxcscx+k .

secx +tanx + secx —tanx

cscx—cotx c¢scx+cotx

+6=0 .

cscx—cotx c¢scx+cotx

(5 marks)

Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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7. Let B =[0 J and n be a positive integer. Define 4 =B —17, where [ isthe 2 x 2 identity matrix.

(@ () Find 43.

(ii) Writedown A" intermsof n.

n
(b)  Using the fact that (I +A4)" =1 +ZC,§'A" , express B” interms of n.
k=l

(c)  Does there exist a positive integer m suchthat 4™ — B™ is singular? Explain your answer.
(6 marks)

Answers written in the margins will not be marked.
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8. Consider the parabola C: y=x>+4 . C cuts the y-axis at the point P . O is a moving point on C
with A as its x-coordinate, where #> 0. The vertical line which passes through Q cuts the x-axis at the
point R. Denote the originby O. Let 4 be the area of the quadrilateral OPQOR .

(a) By expressing A4 interms of 4, find % .

(b)  Suppose that #=3 —2¢7 | where t (¢> 0) is the time measured in seconds. Someone claims that
the rate of change of 4 has only one maximum value. Do you agree? Explain your answer.
(7 marks)

Answers written in the margins will not be marked.
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9. (a)  Using integration by substitution, prove that J. 1 dx = ltan Ty+—% _ +constant .

(1+x2)? 2 2(1+x%)

(b) Consider the curve C: y= Let R be the region bounded by C, the straight line x =1

1+3x?
and the two axes. Find the volume of the solid of revolution generated by revolving R about
the x-axis.

(8 marks)

Answers written in the margins will not be marked.
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SECTION B (50 marks)

10.  Define f(x)=

(@)
(b)
(©
(d)
(e)

3
x 2+ 2§x forall x € R. Denote the graph of y=f(x) by G.
x°+
Find the asymptote(s) of G . (2 marks)
Is f(x) an increasing function? Explain your answer. (2 marks)
Explain why G has rotational symmetry about the origin. (1 mark)
Find the point(s) of inflexion of G . (4 marks)

Let L be the straight line which passes through all the points of inflexion of G . Find the area of
the region bounded by G and L. (3 marks)

Answers written in the margins will not be marked.
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11. (@ Let m be apositive integer. Express I e *sin2mx dx interms of m .

0

w
) @ Evaluate J e *sin5x cos3x dx .
0

2z
(i)  Evaluate J- e *sin5x cos3x dx .
0

L
2

e
(¢)  Evaluate j S cos(lnxs) sin(lnx3) dx .
e

2

(3 marks)

(6 marks)

(4 marks)
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12.  Consider the system of linear equations in real variables x, y, z

1
2, where a, beR.
b

x - (a+Dy + 2z
(E): 12x + ay + 7z
4x + (a+6)y + (Ba+l4)z

(a)  Assume that (E) has a unique solution.
@) Find the range of values of a.

(i) Express y intermsof 4 and b.
(5 marks)

(b)  Assume that (E) has infinitely many solutions and a>0.
) Solve (E).

(ii) Let k be areal constant. If all the solutions of (E) satisfy kx+ y+4kz2 >0, find the

range of values of % .
(7 marks)

Answers written in the margins will not be marked.
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13.  The position vectors of the points 4, B and C are i—2j+3k , -2i+5j+2k and 2i—k respectively.

Denote the plane containing 4, B and C by /7. Let E be the projection of the point D (-2,-6,2)
on /7. Itis given that E4 produced meets BC at the point F .

(a) Find ABxAC . (3 marks)
(b) Find ED and EA . (4 marks)
(cy I BF:FC=1:¢, find ¢. (3 marks)
(d)  Find the volume of the pyramid ABDF . (3 marks)
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